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CONTINUOUS K-G-FRAMES IN HILBERT C∗-MODULES
JAHANGIR CHESHMAVAR1, JAVAD BARADARAN2,
AND SEYED KAMEL HOSSEINI1
Abstract. This study aims at combining the concepts of g-frame and
K-frame for a Hilbert C∗-module U , for an operator K ∈ End∗A(U),
where End∗A(U) contains all adjointable A-linear maps on U . As a
result, continuous K-g-frames for Hilbert C∗-modules are introduced
and studied. Subsequently, some characterizations of continuous K-g-
frames in Hilbert C∗-modules are proved. Next, continuous K-g-dual
of a c-K-g-frame is introduced. Finally, some results, particularly, the
existence of continuous K-g-dual, are derived.
1. Introduction and preliminaries
Continuous frames were introduced by authors in [2, 8]. One reason to
study frames in Hilbert C∗-modules is that there are some differences be-
tween Hilbert spaces and Hilbert C∗-modules. For example, in general, every
bounded operator on a Hilbert space has an unique adjoint, while this fact
not hold for bounded operators on a Hilbert C∗-module. Frank and Larson
[5] extended the notion of a frame for an operator on a Hilbert C∗-module.
Afterwards some generalizations of frames for Hilbert C∗-modules have at-
tracted much more attention in recent years ( for example, see [3, 12, 9] and
the bibliography there in). The notion of a g-frame for Hilbert C∗-modules
was introduced by authors in [5, 9] and the notion of a K-frame for Hilbert
C∗-modules, for an operator K ∈ End∗
A
(H), where End∗
A
(H) denotes the
set of all adjointable A-linear maps on a Hilbert space H was introduced
by the authors in [11]. In what follows: in section 2, as a generalization by
combing these extensions, we consider the fusion of two concepts and intro-
duce continuous K-g-frames (simply, c-K-g-frames) for Hilbert C∗-modules.
Next, we prove some characteristics of c-K-g-frames in Hilbert C∗-modules.
In section 3, first the notions of c-K-g-dual and c-g-orthonormal basis ex-
tended to the situation of Hilbert C∗-modules and some results about them
are obtained. Throughout the paper, we consider I is an indexing set; C and
N complex numbers field and the set of natural numbers, respectively, and
U, V consider as two Hilbert C∗-modules and also {Vk : k ∈ I} as a sequence
of submodules of V . For each k ∈ I, End∗
A
(U, Vk) denotes the collection of
all adjointable A-linear maps from U into Vk and End∗A(U) is abbreviated
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for End∗
A
(U, U), where A is a complex C∗-algebra with the norm ‖·‖A. Let
(M, µ) be a measure space with positive measure µ and X be a complex
linear space. Then X is called a (left) A-module, provided that there exists
an exterior multiplication · : A× X → X obeying the following properties.
For all f, g ∈ X , all a, b ∈ A, and all λ ∈ C, we have
(i) a · (f + g) = a · f + a · g ; (ii) (a+ b) · f = a · f + b · f ;
(iii) (ab) · f = a · (b · f) ; (iv) λ(af) = (λa)f = a(λf) .
A pre-Hilbert A-module is a (left) A-module X equipped with a A-valued
inner product 〈·, ·〉 : X × X −→ A such that
(i) 〈f, f〉 ≥ 0, ∀f ∈ X and 〈f, f〉 = 0 if and only if f = 0 ;
(ii) 〈f, g〉 = 〈g, f〉∗, ∀f, g ∈ X ;
(iii) 〈af + g, h〉 = a〈f, h〉+ 〈g, h〉, ∀a ∈ A and ∀f, g, h ∈ X .
It can be concluded that for any α ∈ A,
〈f, αg + h〉 = 〈f, g〉α∗ + 〈f, h〉, ∀f, g, h ∈ X .
In particular, for any α ∈ C, we get
〈f, αg + h〉 = α〈f, g〉+ 〈f, h〉, ∀f, g, h ∈ X .
The norm on X is defined by ‖f‖X = ‖〈f, f〉‖1/2A , ∀f ∈ X . Finally, if X is a
Banach space with norm ‖·‖X , then X is a Hilbert A-module or Hilbert C∗-
module over A. Since every complex Hilbert space is a Hilbert C-module,
so Hilbert C∗-modules are between Hilbert spaces and Banach spaces. For
a C∗-algebra A, let ⊕m∈M Vm be the Hilbert A-module defined by⊕
m∈M
Vm :=
{
g = {gm}m∈M : gm ∈ Vm, ‖
∫
M
|gm|2dµ(m)‖ <∞
}
,
where for any f = {fm}m∈M and g = {gm}m∈M in
⊕
m∈M Vm, theA-valued
inner product is defined by
〈f, g〉 =
∫
M
〈fm, gm〉dµ(m).
For more details, the reader refers to [10].
The following generalization of frames proposed by Kaiser [8] and defined
independently by Ali et al.[2]. Let H be a complex Hilbert space.
A continuous frame for H is a family of vectors {fm}m∈M in H for which:
(i) For all f ∈ H, the mapping m 7→ 〈f, fm〉 is measurable on M ;
(ii) There exist constants A,B > 0 such that
A‖f‖2 ≤
∫
M
|〈f, fm〉|2dµ(m) ≤ B‖f‖2, ∀f ∈ H.
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The discrete frame is corresponding to the case M = N which is equipped
with the counting measure.
Definition 1.1. Let U be a Hilbert C∗-module and (M, µ) be a measure
space with positive measure µ. A continuous frame, or simply c-frame for
U with respect to (M, µ) is a family {fm}m∈M of vectors in U for which:
(i) For all f ∈ U , the mapping m 7→ 〈f, fm〉 is measurable on M ;
(ii) There exist constants A,B > 0 such that
A〈f, f〉 ≤
∫
M
〈f, fm〉〈fm, f〉dµ(m) ≤ B〈f, f〉, ∀f ∈ U.
The constants A,B are called c-frame bounds. Also, the family {fm}m∈M
is called a c-Bessel sequence with c-Bessel bound B if it satisfies the right
hand-side of the above inequality.
Definition 1.2. A family {Λm}m∈M ⊂ End∗A(U, Vm) is called a continuous
g-frame, or simply c-g-frame for U with respect to {Vm}m∈M if the following
holds:
(i) For all f ∈ U , the mapping m 7→ 〈f, Λmf〉 is measurable on M ;
(ii) There exist constants A,B > 0 such that
A〈f, f〉 ≤
∫
M
〈Λmf, Λmf〉dµ(m) ≤ B〈f, f〉, ∀f ∈ U.
The constants A,B are called c-g-frame bounds. If A = B, it is called tight
c-g-frame. A Parseval c-g-frame is a tight c-g-frame whenever A = 1.
Theorem 1.3. [1] Let {Λm}m∈M be a c-g-frame for U with respect to
{Vm}m∈M with bounds A,B. Then, there exists a unique positive invert-
ible operator S : U → U such that
〈Sf, g〉 =
∫
M
〈Λ∗mΛmf, g〉dµ(m), ∀f, g ∈ U,(1)
and also AI ≤ S ≤ BI.
The following lemma will be used in the sequel.
Lemma 1.4. [4] Let U , V and W be Hilbert A −moduls. Also, let T ′ ∈
End∗
A
(W,V ) and T ∈ End∗
A
(U, V ) with Ran(T ∗) orthogonally complemented.
The following statements are equivalent.
(i) T
′
T
′∗ ≤ λTT ∗ for some λ > 0.
(ii) There exists µ > 0 such that ‖T ′∗z‖ ≤ µ‖T ∗z‖, ∀z ∈ V .
(iii) There exists a D ∈ End∗
A
(W,U) such that T
′
= TD, i.e.; TX = T
′
has a solution.
(iv) R(T
′
) ⊆ R(T ).
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2. c-K-g-frames in Hilbert C∗-modules
In this section, we first introduce continuous K-g-frames for Hilbert C∗-
modules and some results about them are proved.
Definition 2.1. Suppose that (M, µ) is a measure space with positive mea-
sure µ and K ∈ End∗
A
(U). We call {Λm}m∈M ⊂ End∗A(U, Vm) a contin-
uous K-g-frame, or simply c-K-g-frame for U with respect to {Vm}m∈M if
the following conditions holds:
(i) For all f ∈ U , the mapping m 7→ 〈f, Λmf〉 is measurable on M ;
(ii) There exist constants A,B > 0 such that
A〈K∗f, K∗f〉 ≤
∫
M
〈Λmf, Λmf〉dµ(m) ≤ B〈f, f〉, ∀f ∈ U.(2)
The constants A,B are called c-K-g-frame bounds. We say {Λm}m∈M is a
tight c-K-g-frame if there exists a constant A > 0 such that∫
M
〈Λmf, Λmf〉dµ(m) = A〈K∗f, K∗f〉, ∀f ∈ U.
It is called Parseval c-K-g-frame whenever A = 1. If at least the right hand-
side inequality (2) holds, we call {Λm}m∈M a c-g-Bessel sequence for U with
respect to {Vm}m∈M and with c-g-Bessel bound B.
Remark 2.2. If K = I(the identity operator), then every c-K-g-frame is a
c-g-frame. Also, if M = N and µ is the counting measure, then the c-K-g-
frame is a K-g-frame.
Remark 2.3. Every c-g-frame is a c-K-g-frame. In fact, if {Λm}m∈M
is a c-g-frame for U with respect to {Vm}m∈M, then there exist constants
A,B > 0 such that
A〈f, f〉 ≤
∫
M
〈Λmf, Λmf〉dµ(m) ≤ B〈f, f〉, ∀f ∈ U.
On the other hand, we have 〈K∗f, K∗f〉 ≤ ‖K‖2〈f, f〉, ∀f ∈ U . Therefore,
A‖K‖−2〈K∗f, K∗f〉 ≤
∫
M
〈Λmf, Λmf〉dµ(m) ≤ B〈f, f〉, ∀f ∈ U,
that is, {Λm}m∈M is a c-K-g-frame for U with respect to {Vm}m∈M.
Motivated by (1) we have the following notion:
Definition 2.4. Let {Λm}m∈M ⊂ End∗A(U, Vm) be a c-K-g-frame for U
with respect to {Vm}m∈M and with bounds A,B. We define the unique self-
adjoint positive operator S : U → U by
〈Sf, g〉 =
∫
M
〈Λ∗mΛmf, g〉dµ(m), ∀f, g ∈ U.
The operator S is called the c-g-frame operator of {Λm}m∈M.
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Remark 2.5. Note that, in general, as a K-frame, c-g- frame operator of
a c-K-g-frame is not invertible on U . However, if K has closed range, then
S on R(K) is a self-adjoint positive and invertible operator (see [7]).
One may ask about the class of operators K which can guarantee the
existence of a c-K-g-frame for a Hilbert C∗-module U with respect to the
given sequence {Vm}m∈M. We have the following results for this query.
Lemma 2.6. Let {Λm}m∈M ⊂ End∗A(U, Vm) be a c-g-Bessel sequence for
U with respect to {Vm}m∈M. Then for any K ∈ End∗A(U), the family
{ΛmK}m∈M is a c-g-Bessel sequence for U as well.
Proof. For any f ∈ U , the mapping f˜ :M→ Vm defined by f˜(m) = Λmf is
measurable and so the mapping
˜˜
f : M→ Vm defined by ˜˜f(m) = ΛmKf is
measurable. In addition, there exists a positive constant B such that∫
M
〈Λmf, Λmf〉dµ(m) ≤ B〈f, f〉, ∀f ∈ U.
Hence, for all f ∈ U , we get∫
M
〈ΛmKf, ΛmKf〉dµ(m) ≤ B〈Kf, Kf〉 ≤ B‖K‖2〈f, f〉.

Proposition 2.7. Let K ∈ End∗
A
(U) with Ran(K∗) orthogonally comple-
mented and {Λm}m∈M ⊂ End∗A(U, Vm) be a c-K-g-frame for U with respect
to {Vm}m∈M. If T ∈ End∗A(U) with R(T ) ⊆ R(K), then {Λm}m∈M is a
c-T -g-frame.
Proof. Since {Λm}m∈M is a c-K-g-frame, so there exist constants A,B > 0
such that
A〈K∗f, K∗f〉 ≤
∫
M
〈Λmf, Λmf〉dµ ≤ B〈f, f〉, ∀f ∈ U.
On the other hand, by Lemma 1.4 for some λ > 0, we have TT ∗ ≤ λKK∗.
Altogether these inequalities for all f ∈ U , we obtain
A
λ
〈T ∗f, T ∗f〉 ≤ A〈K∗f, K∗f〉
≤
∫
M
〈Λmf, Λmf〉dµ ≤ B〈f, f〉.
Therefore, {Λm}m∈M is a c-T -g-frame for U with respect to {Vm}mM. 
Proposition 2.8. Every adjointable operator K on a unital Hilbert C∗-
module U admits a c-K-g-frame for U .
Proof. Let {fm}m∈M be a c-frame for U with bounds A,B. For every m ∈
M, we take Vm = A and define adjointable operator
Λm : U → Vm by Λmf = 〈f, fm〉, ∀f ∈ U.
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Using the relation
〈f, fm〉〈fm, f〉1A = 〈f, fm〉〈fm, f〉〈1, 1〉 = 〈〈f, fm〉, 〈f, fm〉〉,
and definition of c-frame, we have
A〈f, f〉 ≤
∫
M
〈Λmf, Λmf〉dµ(m) ≤ B〈f, f〉, ∀f ∈ U.
For all m ∈ M, let Γm = ΛmK∗. Then for any f ∈ U , we obtain
A〈K∗f, K∗f〉 ≤
∫
M
〈ΛmK∗f, ΛmK∗f〉dµ(m)
=
∫
M
〈Γmf, Γmf〉dµ(m) ≤ B‖K‖2〈f, f〉,
that is, {Γm}m∈M is a c-K-g-frame for U with respect to {Vm}m∈M. 
Theorem 2.9. Assume K1,K2 ∈ End∗A(U) with R(K1) ⊥ R(K2). If
{Λm}m∈M ⊂ End∗A(U, Vm) is a c-K1-g-frame as well as a c-K2-g-frame
for U with respect to {Vm}m∈M and α, β are scalers, then {Λm}m∈M is a c-
(αK1+βK2)-g-frame and a c-K1K2-g-frame for U with respect to {Vm}m∈M.
Proof. Let {Λm}m∈M be a c-K1-g-frame as well as c-K2-g-frame for U with
respect to {Vm}m∈M . Then there exist positive constants An and Bn(n =
1, 2) such that for any f ∈ U , we have
An〈K∗nf, K∗nf〉 ≤
∫
M
〈Λmf, Λmf〉dµ(m) ≤ Bn〈f, f〉.
For each f ∈ U , we can write
〈(αK1 + βK2)∗f, (αK1 + βK2)∗f〉 = 〈αK∗1f + βK∗2f, αK∗1f + βK∗2f〉
= |α|2〈K∗1f, K∗1f〉+ αβ〈K∗1f, K∗2f〉+ αβ〈K∗2f, K∗1f〉+ |β|2〈K∗2f, K∗2f〉.
Since R(K1) ⊥ R(K2), so two terms in the middle of the last equality are
zero, thus the above equality continues as way
= |α|2〈K∗1f, K∗1f〉+ |β|2〈K∗2f, K∗2f〉.
Therefore, for any f ∈ U , we have
A1A2
2(|α|2A2 + |β|2A1)〈(αK1 + βK2)
∗f, (αK1 + βK2)
∗f〉
=
A1A2|α|2
2(|α|2A2 + |β|2A1)〈K
∗
1f, K
∗
1f〉+
A1A2|β|2
2(|α|2A2 + |β|2A1) 〈K
∗
2f, K
∗
2f〉
≤ 1
2
∫
M
〈Λmf, Λmf〉dµ(m) + 1
2
∫
M
〈Λmf, Λmf〉dµ(m)
≤ (B1 +B2
2
)〈f, f〉.
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That is, {Λm}m∈M is a c − (αK1 + βK2)-g-frame for U with respect to
{Vm}m∈M . Also, since for each f ∈ U , we have
〈(K1K2)∗f, (K1K2)∗f〉 = 〈K∗2K∗1f, K∗2K∗1f〉
≤ ‖K∗2‖2〈K∗1f, K∗1f〉,
and {Λm}m∈M is a c-K1-g-frame for U with respect to {Vm}m∈M, so for
any f ∈ U , we get
A1
‖K∗2‖2
〈(K1K2)∗f, (K1K2)∗f〉 ≤
∫
M
〈Λmf, Λmf〉dµ(m) ≤ B1〈f, f〉.
Hence, {Λm}m∈M is a c-K1K2-g-frame for U with respect to {Vm}m∈M. 
Corollary 2.10. Let K ∈ End∗
A
(U). If {Λm}m∈M is a c-K-g-frame for
U with respect to {Vm}m∈M, then for any operator Θ in the subalgebra
generated by K, the family {Λm}m∈M is a c-Θ-g-frame for U .
An advantage of studying c-K-g-frames is that a c-K-g-frame can be
constructed by using operators which is not a c-g-frame:
Example 2.11. Let U be a Hilbert C∗-module,M = N and µ be the counting
measure. Let {em}m∈M be the standard orthonormal basis for U and Vm =
Span{e3m−2, e3m−1, e3m}, m = 1, 2, · · · . For fixed N ∈ N, we define the
adjointable operator Λm : U −→ Vm by
Λ1f =
N∑
k=1
〈f, ek〉ek, and Λmf = 0, for m ≥ 2.
Then the family {Λm}m∈M is not a g-frame for U with respect to {Vm}m∈M.
In fact, if we take f = eN+1, then for each f ∈ U , we get
∞∑
m=1
〈Λmf, Λmf〉 = 〈Λ1f, Λ1f〉 = 0.
We define K : U −→ U by
Kem =
{
mem, m ≤ N
0, m > N.
It is easy to see that K is adjointable and satisfying:
K∗em =
{
mem, m ≤ N
0, m > N.
Now, for any f ∈ U , let f =∑∞m=1 cmem, then
∞∑
m=1
〈Λmf, Λmf〉 = 〈Λ1f, Λ1f〉 =
N∑
m=1
cmc
∗
m,
and also
〈K∗f, K∗f〉 =
N∑
m=1
m2cmc
∗
m.
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Therefore, for any f ∈ U , we obtain
1
N2
〈K∗f, K∗f〉 =
N∑
m=1
(
m
N
)2cmc
∗
m
≤
N∑
m=1
cmc
∗
m =
∞∑
m=1
〈Λmf, Λmf〉
= 〈Λ1f, Λ1f〉 ≤ ‖Λ1‖2〈f, f〉.
This shows {Λm}m∈M is a K-g-frame for U with respect to {Vm}m∈M.
The next theorem generalizes proposition 2.8 [1] to the situation of Hilbert
C∗-modules. Since it has a similar proof procedure, it can be omitted.
Theorem 2.12. Let {Λm}m∈M be a c-g-Bessel sequence for U with respect
to {Vm}m∈M and with bound B. Then for all f = {fm}m∈M ∈
⊕
m∈M Vm
and for all g ∈ U the mapping T :⊕m∈M Vm → U defined by
〈Tf, g〉 =
∫
M
〈Λ∗mfm, g〉dµ(m),
is a linear and bounded operator with ‖T‖ ≤ √B.
It is obvious that the mapping T is adjointaible and it is called the syn-
thesis operator of c-g-Bessel sequence {Λm}m∈M:
Remark 2.13. Since for any f = {fm}m∈M ∈
⊕
m∈M Vm and any g ∈ U ,
we have
〈f, {Λmg}m∈M〉 =
∫
M
〈Λ∗mfm, g〉dµ(m) = 〈Tf, g〉.
Thus the adjoint operator T ∗ is as: T ∗g = {Λmg}m∈M, ∀ g ∈ U. Further-
more, for any f, g ∈ U , we obtain
〈TT ∗f, g〉 =
∫
M
〈Λ∗mΛmf, g〉dµ(m) = 〈Sf, g〉,
where S is c-g-frame operator of {Λm}m∈M and, so S = TT ∗.
On the other hand, if we define R :
⊕
m∈M Vm → U by
Rf =
∫
M
Λ∗mfmdµ(m), ∀f = {fm}m∈M ∈
⊕
m∈M
Vm,
then for all g ∈ U , we get R∗g = {Λmg}m∈M and also for all f ∈ U ,
〈RR∗f, g〉 = 〈Sf, g〉, that is, S = RR∗. Therefore, it yields T = R.
3. c-K-g-dual frames
In this section, we first define dual of a c-K-g-frame and some results in
this subject are proved. The first theorem shows the existence of c-K-g-dual.
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Theorem 3.1. For K ∈ End∗
A
(U), let {Λm}m∈M ⊂ End∗A(U, Vm) be a c-
K-g-frame for U with respect to {Vm}m∈M and with synthesis operator T
and Ran(T ∗) is orthogonally complemented. Then there exists a c-g-Bessel
net {Γm}m∈M ⊂ End∗A(U, Vm) such that
〈Kf, g〉 =
∫
M
〈Λ∗mΓmf, g〉dµ(m), ∀f, g ∈ U.
Proof. If {Λm}m∈M is a c-K-g-frame for U , then by definition for some
A > 0, we get
〈AKK∗f, f〉 ≤ 〈Sf, f〉 = 〈TT ∗f, f〉, ∀f ∈ U.
Hence, by Lemma 1.4 there exists a Γ ∈ End∗
A
(U,
⊕
m∈M Vm) such that
K = TΓ. We define
Γm : U → Vm by Γmf = (Γf)m.
Thus for any f ∈ U , we get∫
M
〈Γmf, Γmf〉dµ(m) =
∫
M
〈(Γf)m, (Γf)m〉dµ(m)
= 〈Γf, Γf〉 = 〈Γ∗Γf, f〉
≤ ‖Γ‖2〈f, f〉.
That is, {Γm}m∈M is a c-g-Bessel sequence. On the other hand,
Kf = TΓf = T ({(Γf)m}m∈M), ∀f ∈ U.
Therefore,
〈Kf, g〉 =
∫
M
〈Λ∗mΓmf, g〉dµ(m), ∀f, g ∈ U.

Motivated by [6] alone, with the above theorem, c-K-g-dual is now defined
for a c-K-g-frame:
Definition 3.2. Let K ∈ End∗
A
(U) and {Λm}m∈M ⊂ End∗A(U, Vm) be
a c-K-g-frame for U with respect to {Vm}m∈M. A c-g-Bessel sequence
{Γm}m∈M ⊂ End∗A(U, Vm) is called a c-K-g-dual for {Λm}m∈M if it satis-
fies:
〈Kf, g〉 =
∫
M
〈Λ∗mΓmf, g〉dµ(m), ∀f, g ∈ U.
In this case, (Λm, Γm) is said to be a c-K-g-dual pair.
The next result shows that every c-K-g-frame has a c-K-g-dual, in fact,
much more c-K-g-duals.
Proposition 3.3. Let K ∈ End∗
A
(U) and {Λm}m∈M ⊂ End∗A(U, Vm) be a
c-K-g-frame for U with respect to {Vm}m∈M and with c-g-frame operator
S. Then for each α ∈ R, (ΛmSα, ΛmS−1−αK) is a c-K-g-dual pair. In
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particular, (Λm, ΛmS
−1) is a c-K-g-dual pair. The family {ΛmS−1}m∈M
is called the canonical c-K-g-dual of {Λm}m∈M.
Proof. For any f, g ∈ U , we have
〈Kf, g〉 = 〈SαSS−1−αKf, g〉
= 〈SS−1−αKf, Sαg〉
=
∫
M
〈Λ∗mΛmS−1−αKf, Sαg〉dµ(m)
=
∫
M
〈ΛmS−1−αKf, ΛmSαg〉〉dµ(m),
that is, for all α ∈ R, the pair (ΛmSα, ΛmS−1−αK) is a c-K-g-dual. 
Proposition 3.4. For K ∈ End∗
A
(U), let {Λm}m∈M and {Γm}m∈M ⊂
End∗
A
(U, Vm) such that (Λm, Γm) forms a c-K-g-dual pair. If Θ ∈ End∗A(U)
is a unitary operator, then (ΛmΘ, ΓmΘ) is a c-K-g-dual pair if and only if
KΘ = ΘK.
Proof. For any f, g ∈ U , we get∫
M
〈(ΛmΘ)∗(ΓmΘ)f, g〉dµ(m) =
∫
M
〈Λ∗mΓmΘf, Θg〉dµ(m)
= 〈KΘf, Θg〉 = 〈Θ∗KΘf, g〉
= 〈Kf, g〉,
where the last equality holds if and only if KΘ = ΘK. 
By analogy with the discrete case, the concept of a continuous g-orthonormal
basis, or simply c-g-orthonormal basis for a family of adjointable operators
on a Hilbert C∗-module is introduced now.
Definition 3.5. Let Θ = {Θm}m∈M ⊂ End∗A(U, Vm).
(1) We say Θ is g-complete if {f : Θmf = 0, ∀m ∈ M} = {0}.
(2) We say Θ is a c-g-orthonormal basis for U with respect to {Vm}m∈M
if it satisfies the following conditions:
(i) For all f ∈ U , the mapping m 7→ 〈f, Θmf〉 is measurable on M ;
(ii) For almost all n ∈ M,∫
M
〈Θ∗mgm, Θ∗ngn〉dµ(m) = 〈gm, gn〉, ∀gm ∈ Vm, gn ∈ Vn ;
(iii) For all f ∈ U , ∫
M
〈Θmf, Θmf〉dµ(m) = 〈f, f〉.
Remark 3.6. Clearly, any c-g-orthonormal basis is g-complete. Also, it is
a Parseval c-g-frame, that is, whose the c-g-frame operator is S = I.
Lemma 3.7. The net Θ = {Θm}m∈M ⊂ End∗A(U, Vm) is g-complete if and
only if span{Θ∗m(Vm)}m∈M = U.
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Proof. Suppose that Θ is g-complete and A = span{Θ∗m(Vm)}m∈M. Let
f ∈ U and f ⊥ A. Hence, Θm(f) ∈ Vm implies that for any m ∈ M, f ⊥
Θ∗mΘm(f), thus for any m ∈ M, we get ||Θm(f)||2 = ||〈f, Θ∗mΘmf〉|| = 0.
Since Θ is g-complete, so f = 0. Thus (A)⊥ = {0}, that is, A = U.
In contrast, let A = U, f ∈ U , and for any m ∈ M, Θm(f) = 0. Hence, for
every g ∈ Vm, we obtain 〈f, Θ∗mg〉 = 〈Θmf, g〉 = 0, therefore f ⊥ A and so
f ⊥ A = U. This yields f = 0 and Θ is g-complete.

Lemma 3.8. Given c-g-orthonormal basis Γ = {Γm}m∈M ⊂ End∗A(U, Vm)
for U with respect to {Vm}m∈M. Then Λ = {Λm}m∈M ⊂ End∗A(U, Vm) is
a c-g-Bessel sequence for U with respect to {Vm}m∈M if and only if there is
a bounded unique operator R ∈ End∗
A
(U) such that for any m ∈ M; Λm =
ΓmR
∗.
Proof. Suppose firstR1, R2 ∈ End∗A(U) such that ΓmR∗1 = Λm = ΓmR∗2, ∀m ∈
M. Thus for any f ∈ U and for any gm ∈ Vm, we get 〈ΓmR∗1f, gm〉 =
〈ΓmR∗2f, gm〉, that is,
〈R∗1f, Γmgm〉 = 〈R∗2f, Γmgm〉, ∀m ∈ M.(3)
Since Γ is g-complete, so by the previous lemma, we have span{Γ∗m(Vm)}m∈M =
U, thus the relation (3) implies that R∗1f = R
∗
2f, ∀f ∈ U , that is, R1 = R2.
(⇒) Since {Γm}m∈M is c-g-orthonormal basis, so for any f ∈ U , it results
{Γmf}m∈M ∈
⊕
m Vm. If {Λm}m∈M is a c-g-Bessel sequence, then by The-
orem 2.12 the mapping R : U −→ U defined by
〈Rf, g〉 =
∫
M
〈Λ∗mΓmf, g〉dµ, ∀f, g ∈ U,
is a well-defined bounded operator. Thus for all m ∈ M and all fm ∈
Vm, g ∈ U , we have
〈R(Γ∗mfm), g〉 =
∫
M
〈Λ∗mΓmΓ∗mfm, g〉dµ(m)
=
∫
M
〈Γ∗mfm, Γ∗mΛmg〉dµ
= 〈fm, Λmg〉 = 〈Λ∗mfm, g〉.
Hence, for every m ∈M and every fm ∈ Vm, we get RΓ∗mfm = Λ∗mfm. This
yields the conclusion.
(⇐) If Λm = ΓmR∗, ∀m ∈ M, then since Γ is a c-g-orthonormal basis, so
for any f ∈ U , we obtain∫
M
〈Λmf, Λmf〉dµ =
∫
M
〈ΓmR∗f, ΓmR∗f〉dµ
= 〈R∗f, R∗f〉 ≤ ||R||2〈f, f〉.
Therefore, Λ is a c-g-Bessel sequence for U with bound ||R||2. 
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Remark 3.9. By Theorem 2.12 the unique operator R in the proof of
Lemma 3.8 is synthesis operator of c-g-Bessel sequence Λ = {Λm}m∈M ⊂
End∗
A
(U, Vm). In fact, the operator R in the previous Lemma and Theorem
2.12 have the same values, though they are defined in different ways.
Theorem 3.10. Let K ∈ End∗
A
(U) and {Θm}m∈M ⊂ End∗A(U, Vm) be
a c-g-orthonormal basis for U with respect to {Vm}m∈M. Let {Λm}m∈M,
{Γm}m∈M be a c-K-g-frame and a c-g-Bessel sequence for U with respect
to {Vm}m∈M and with synthesis operators T and S, respectively. Then
{Γm}m∈M is a c-K-g-dual of {Λm}m∈M if and only if K = TS∗.
Proof. First, assume that {Γm}m∈M is a c-K-g dual of {Λm}m∈M, then by
Lemma 3.8, for any m ∈ M, we have Λm = ΘmT ∗ and Γm = ΘmS∗. By
definition, for all f, g ∈ U , we get
〈Kf, g〉 =
∫
M
〈Λ∗mΓmf, g〉dµ =
∫
M
〈(ΘmT ∗)∗(ΘmS∗)f, g〉dµ
=
∫
M
〈ΘmS∗f, ΘmT ∗g〉dµ
= 〈S∗f, T ∗g〉 = 〈TS∗f, g〉,
Therefore, K = TS∗.
For the converse, assume that K = TS∗. Because {Γm}m∈M and {Λm}m∈M
are c-g-Bessel sequences for U , so again by Lemma 3.8, we have Λm = ΘmT
∗
and Γm = ΘmS
∗, ∀m ∈ M.
Therefore, similar to the above argument, we obtain∫
M
〈Λ∗mΓmf, g〉 = 〈TS∗f, g〉 = 〈Kf, g〉, ∀f, g ∈ U.
This shows {Γm}m∈M is a c-K-g-dual of {Λm}m∈M. 
Theorem 3.11. Suppose that K ∈ End∗
A
(U) and {Λm}m∈M ⊂ End∗A(U, Vm)
is a c-g-Bessel sequence for U with synthesis operator T such that Ran(T ∗)
is orthogonally complemented. Then {Λm}m∈M is a c-K-g-frame for U with
respect to {Vm}m∈M if and only if R(K) ⊆ R(T ).
Proof. Let {Λm}m∈M be a c-K-g-frame for U with respect to {Vm}m∈M.
Then there exists a positive constant A such that
A〈K∗f, K∗f〉 ≤
∫
M
〈Λmf, Λmf〉dµ, ∀f ∈ U.(4)
Given c-g-orthonormal basis Θ = {Θm}m∈M ⊂ End∗A(U, Vm) for U with
respect to {Vm}m∈M, then by Lemma 3.8, we have
Λm = ΘmT
∗, ∀m ∈ M.
Hence, from (4) for any f ∈ U , we get
A〈K∗f, K∗f〉 ≤
∫
M
〈ΘmT ∗f, ΘmT ∗f〉dµ
= 〈T ∗f, T ∗f〉 = 〈TT ∗f, f〉.
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That is, AKK∗ ≤ TT ∗. Therefore, by Lemma 1.4, it yields R(K) ⊆ R(T ).
Conversely, let R(K) ⊆ R(T ). Then Lemma 1.4 implies that KK∗ ≤ λTT ∗
for some λ > 0. Thus, we obtain
1
λ
〈K∗f, K∗f〉 ≤ 〈T ∗f, T ∗f〉, ∀f ∈ U.(5)
Since {Λm}m∈M is a c-g-Bessel sequence and {Θm}m∈M is a c-g-orthonormal
basis for U with respect to {Vm}m∈M, so by Lemma 3.8, we conclude that
for all f ∈ U ,
〈T ∗f, T ∗f〉 =
∫
M
〈ΘmT ∗f, ΘmT ∗f〉dµ =
∫
M
〈Λmf, Λmf〉dµ.(6)
Using the relations (5) and (6), we get
1
λ
〈K∗f, K∗f〉 ≤
∫
M
〈Λmf, Λmf〉dµ, ∀f ∈ U.
Hence, {Λm}m∈M is a c-K-g-frame for U with respect to {Vm}m∈M. 
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